The Halpin-Tsai equations were used for the composites with low level content of reinforcements, which contain lamellar shape, high modulus and high aspect ratio. These characteristics of reinforcements were taken into consideration to simplify the Halpin-Tsai equations. The effect of different parameters on the longitudinal Young's modulus of well aligned polymer/clay nanocomposites was investigated for both exfoliated and intercalated microstructures. It was shown that the applied simplification had negligible effect on the prediction of the Halpin-Tsai model. For the intercalated structures with a high number of platelets per stack (n), increase in the gallery spacing did not influence the predicted modulus values. In an intercalated structure, the surface area of a stack, as the interface of fillermatrix, is n times lower than that of the exfoliated state. By considering the effect of the degree of exfoliation in the proposed model, a new equation was developed to predict the modulus enhancement in the nanocomposites filled with Montmorillonite (MMT). The theoretical predictions were supported by the experimental results.
Introduction
Polymer Layered Silicate nanocomposites (PLSNs) have attracted considerable scientific and commercial interest since 1993 when the synthesis of nylon6/clay nanocomposite was reported by Toyota researchers [1] . Engineering properties of PLSNs exhibit substantial improvement in tensile strength, tensile modulus, flexural strength and modulus, and heat distortion temperature (HDT) [2, 3] . Other researchers reported improved barrier properties [4] , improved flame retardancy [5] , and very low thermal expansion [6] coefficients for various PLSNs.
A common reason for adding fillers to polymers is to increase their modulus or stiffness. The continuum mechanics-based composite models [7] [8] [9] [10] [11] [12] [13] [14] [15] and finite element analyses [9, 16, and 17] were employed in the literature to predict the modulus of PLSNs. Chivrac et al. [7] were developed micromechanical models based on classical bounds and the Mori-Tanaka approaches. They showed that predicted results can be used to quantify the exfoliation/ intercalation degree in starch/ clay nano-biocomposites. Fornes and Paul [8] used the Halpin-Tsai and Mori-Tanaka models and indicated that the high performance of nylon6/clay nanocomposites, as compared to the commercial nylon6/glass fiber composites, originates from the high modulus, high aspect ratio, and the reinforcement ability of clay platelets in two directions. Wilkinson et al. [10] employed the factorial experimental design to fit the tensile properties of nylon6/ MMT nanocomposites to a series of polynomial response equations. They used the achieved curve to determine a proper modulus for MMT platelets. The Halpin-Tsai model could appropriately predict the experimental results. They also modified the Halpin-Tsai equation to consider the distribution of n in the particles. Dai et al. [11] developed an improved staggered model based on the Jager and Fratzel staggered model for the prediction of the stiffness and strength of nylon6/MMT nanocomposites.
The Halpin-Tsai model is one of the main models for predicting the mechanical behavior of composites. In this work, we tried to evaluate the effect of filler aspect ratio ( ) and volume fraction ( f  ) on the matrix relative modulus (E f /E m ), on the basis of the Halpin-Tsai model assuming 1   , E f /E m >>1, and 0  f  . For two different intercalated and exfoliated morphologies , we introduced the theoretical values of Manevitch and Rutledge [18] for the density and modulus of MMT platelets into a simplified form of the Halpin-Tsai equations and eliminated the effect of platelet thickness from the results, using the filler volume fraction instead of the filler weight fraction. A good agreement was achieved between the predicted values and the experimental data reported in the literature [8, 9, and 19] .
Taking montmorillonite (MMT) as a reinforcement
MMT is the most commonly used smectite type layered silicate in the preparation of polymer nanocomposites that is due to its high aspect ratio and surface reactivity. Therefore, trying to evaluate the properties of polymer/MMT nanocomposites would be valuable. Unfortunately, several obscurities arise, when comparing the composite theory with the related experimental data for nanocomposites, that originate from their nano-scale dimensions. The modulus of a smectite clay lamella is a subject of debate [10] and different values have been reported for it in the literature [5, 8, and 24] . Obviously, not all platelets necessarily have the same size, and different distributions of lengths and thicknesses have been observed for nanofillers. Therefore using average value of the aspect ratio in the classic theories like the Halpin-Tsai model, that there is no linear relationship between the aspect ratio and the modulus enhancement, would be erroneous. Rather, the density of the clay platelets is needed to convert the filler weight fraction into the volume fraction. According to the molecular modeling [18] , the density of MMT platelets is obtained as:
where, M 0 and A 0 are the molecular weight and planar area of a MMT unit cell, respectively.
Fornes and Paul [8] used a density value of 2.83gr/cm 3 , which was calculated by considering the unit cell weight of sodium MMT, the surface area of 0.515*8.9 nm 2 , and a platelet thickness of 0.94nm. It is worth noting that the density of the bulk clay is 2600Kg/m 3 [5, 24] . Chen and Evans achieved , which was calculated by considering the water inclusions within the interlayer and the volume of interlayer spacing. As can be seen from the above discussion, different methods determine different values for the density of MMT platelets that will affect the final modulus predictions of theoretical models.
Another obscurity is the elastic modulus of smectite clay platelets that is difficult to measure for the mineral's small grain size and high reactivity [24] . Chen . The molecular dynamic analysis of Manevitch and Rutledge [18] suggested the following relation for the single platelet modulus of MMT:
According to Eq. (1-b), the value of the modulus depends on the thickness of the platelets. Assuming platelet t 0.94  , i.e. the thickness of a silicate lamella in a collapsed structure [8] , gives a platelet modulus of 266 GPa, which is close to the value calculated by Wilkinson et al. [10] . Using the thickness value of 0.615 nm, the distance between the two planes of oxygen atoms at either surface of the sheet, computed at a temperature of 300K [18] , will give the value of 406 GPa for the modulus. To predict the modulus of nearly exfoliated PA6/ organoclay nanocomposites, Fornes and Paul [8] used the values of 178 GPa and 2.83 gr/cm 3 for the modulus and for the density of the MMT Platelets, respectively. Their predictions were close to the experimental results. However, Wilkinson et al.
investigations [10] suggested that the value of 266 GPa provided better results and the modulus value of 178 GPa underestimated the experimental data. They also employed a value of 2.83 gr/cm 3 for the nanofiller density. In addition, considering a value of 400 GPa for the modulus of the MMT platelets, overestimated their experimental values [10] . Sheng et al. [9] used various composite theories; i.e. the Halpin-Tsai and Mori-Tanaka models, as well as the finite element method. Using the values reported by Manevitch and Rutledge [18] (Eqs. 1-a and 1-b for the density and modulus of the MMT platelets, respectively), the composite theories especially the Halpin-Tsai model, resulted in values much higher than the experimental results for the intercalated amorphous MXD6/MMT whereas two-dimensional FEM method could predict the modulus values properly.
The Halpin-Tsai Model
The Halpin-Tsai equations are the handy forms of the Hill's self-consistent model results with engineering approximations making them suitable for designing composite materials [24] . According to the Halpin-Tsai model, longitudinal elastic modulus can be expressed as follows:
where,  is given by:
where, E f and E m represent the Young's modulus of the filler and matrix, respectively,
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E indicates the longitudinal Young's modulus of the composite,  is a shape factor dependant upon the filler geometry and loading direction, and 
, attending Eq. (6), the term 1 in the parentheses could be neglected:
Mathematical manipulation of Eq. (7) gives the following equations: Halpin-Tsai;a/b=100 eq 9;a/b=100 Eq 10;a/b=100 Halpin-Tsai;a/b=200 eq 9;a/b=200 Eq 10;a/b=200 Halpin-Tsai;a/b=100 eq 9;a/b=100 Eq 10;a/b=100 Halpin-Tsai;a/b=200 eq 9;a/b=200 Eq 10;a/b=200 other. Therefore, it can be concluded that the simplification has negligible effect on the predicted value. According to Eq. (10), there is a linear relationship between the reduced modulus and the filler volume fraction. This behavior has been cited in some references [8, 9] . Sheng et al. [9] pointed out that in the Halpin-Tsai model, the relative modulus depends linearly on the filler volume fraction and showed the relationship as:
where,  is a constant with positive values (E f /E m >1) depending on the particle aspect ratio and particle/matrix elastic properties. Eq. (10) demonstrates this linear behavior. The value of  can be obtained as follows. Eq. (10) clarifies the effect of filler/matrix modulus ratio and aspect ratio on the Young modulus of PLSNs. Any of these parameters that has the lower value, would be more important than the other to control the value of the left-hand side of the equation (Fig.  2 ).
Figs. 2(a) and 2(b) depict the dependence of E 11 /E m on  and E f /E m , respectively, as predicted by Eqs. (2) and (10) . As shown in Fig. 2(a) , the lower is the value of  , the more dominant role it will have in the prediction procedure. When  is approximately 10 times of E f /E m (=100), the modulus of composite will be nearly independent of . Figure 2 also shows that the results of Eq. (10) are very close to Eq. (2). Therefore, the simplification procedure did not demonstrate a distinguishable effect on the prediction results. where,  was supposed to be 1 (because
By this method, they satisfactorily predicted the modulus enhancement of PLSNs with the elastomeric matrix [12] . During their calculations the density of a MMT single platelet was considered to be 2.83 g/cm 3 . By using Eq. (1-a) to estimate the density of MMT platelet, assuming t Platelet =0.615 nm, Eq. (10) can appropriately predict their experimental results and there is no need to use MRF values.
Calculating the modulus of stacks using mixture law (upper bound)
Achieving a good dispersion and high level of platelet exfoliation has always been an ideal target in processing of polymer-clay nanocomposite. However, in most cases, exfoliation is thermodynamically unfavourable and most of synthesis processes only lead to intercalated systems. In order to investigate the intercalated structure, stacking of platelets within a particle was treated by a simple method. It could be supposed that the platelets of equal diameter are stacked directly on the top of each other and the applied load is parallel to the platelet edges [8] . The tensile modulus of a stack could be estimated by the mixture law that was suggested by Brune and Bicerano [23] and employed in some other researches [8, 9, 10, and 13]: , is added to the total volume fraction of the gallery space (Fig. 3b) , the gallery space volume fraction will be obtained from Eq.(16) for all ranges of n (not only for large n values). It is ideally supposed that all the stacks in a prepared PLSN have the same n. Also the shape of the stacks is assumed to be like Fig. 3(b) . The volume fraction of the stacks in the matrix is given by:
Since E Gallery <<E MMT [8, 9, 22] , Eq. (14) is then reduced to: 
E E E E
Substituting Eqs. (17), (18) and (19) in Eq. (20) gives:
The difference between Eqs. (21) and (10) is in the first term of the right-hand side of the equations, where its value in Eq. (21) is n times greater than that in E(10). This verifies that assuming the stacks as a reinforcement agent in the intercalated structure and introducing its aspect ratio and modulus, calculated by the mixture law (upper bound), into the Halpin-Tsai model will give the same result as dividing the aspect ratio of the exfoliated state
to n, which means that n platelets are stacked on the top of each other and firmly bonded to each other as well. If the stacked platelets are firmly bonded to each other, their modulus ) ( Table 1 gives the properties of two types of PLSNs reported in [8] and [9] . The nanocomposite No. 1 has an intercalated structure with n=3, while the nanocomposite No. 2 has a nearly exfoliated morphology with n=1.4. Assuming P=1(i.e., neglecting the lateral area of stacks), Eq. (28) appropriately predicts the modulus enhancement of intercalated structure, as shown in Fig. 4(a) . Without considering the SRF, predictions would be much higher than the experimental data. Particles are assumed to remain planar in the modeling. However, the TEM images have shown that the fully exfoliated single silicate layers and the two-layer particles have a great tendency to be curved, as compared to the particles with multiple layers [8, 9] . This enhanced bending compliance and the resulting angular misorientation will further reduce the efficiency of fully exfoliated particles in enhancing the composite modulus [9] . Misalignment of clay platelets or tactoids transforms the stress at the interface from a shear mode into a tensile mode; that generates a higher stress concentration in the matrix and less tension in the filler particle [8] . (C): Platelet edges act as weak points and are sites of high stress concentration [8] . According to the Shear-Lag theory, increasing the aspect ratio not only increases the amount of stress the filler is capable of carrying, it also minimizes the end effects [8] . Also, using Eq. (28) with P=1 to predict the results of Ref. [19] , showed higher discrepancy between the theory and experimental data when the aspect ratio of particles were smaller.
Stack
By the way, the interaction between the filler and matrix [26, 27] , the changes in the degree of crystallinity [28] , the changes in the type and size of crystals in the nanocomposites with semi-crystalline matrices, and the mobility of chains in amorphous phase [21] all may affect the modulus of polymer nanocomposites. In addition, the method used to determine the lengths and thicknesses of stacks [29] will considerably affect the theoretical prediction values. The existence of such ambiguities makes it difficult to determine the accuracy of the model.
